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CURVATURE AT THE INFINITY
OF ASYMPTOTICALLY FLAT EINSTEIN MANIFOLD

BING WANG AND HAO YIN

ABSTRACT. In this paper, we construct coordinates at the infinity of an asymp-
totically flat end of a Ricci-flat manifold (M™, g) as long as the L™/2 norm of
the curvature is finite in this end. As applications, we can define a Weyl tensor
at the infinity of M and a version of renormalized volume following Biquard
and Hein to ALE Ricci-flat manifolds/orbifolds of any dimension.

1. INTRODUCTION

Suppose that (M, g) is an m-dimensional Riemannian manifold (m > 3) and Q

is an end of M satisfying

(1) (M, g) is Ricci-flat on £;

(2) Vol(B(o,r)N Q) > Cr™, for some fixed o € M and C > 0 and any r > 0;

3) [fo |[Rm|™? aV, < oc.
It was proved in a famous paper of Bando, Kasue and Nakajima [BKN&9] that this
end is ALE of order 7 = m — 1 in the sense that there exist a compact subset
K C M, R > 0, a finite subgroup I' C O(m) acting freely on R™ \ B(0, R), and a
diffeomorphism £ from 2\ K to (R™\ B(0, R))/T" such that if

g:= (L' oproj)’g

where proj is the projection from R™ \ B(0, R) to (R™\ B(0, R))/TI", then
9ij(2) = 05 + O(l2]77)

and for any positive integer k

(1.1) Oy (2) = O(2] 7).

The estimates on the derivatives follow from the Ricci-flat condition and the fact
that the coordinate obtained in [BKN89] is a harmonic coordinate system.

Moreover, in the case m = 4, or (M, g) is Kéahler, this 7 can be improved to
be m (see Theorem 1.5 of [BKN89|). Later, it was observed by Cheeger and Tian
[CT94] that as long as I' is not trivial, 7 can be taken to be m in general. Kroncke
and Szabé recently [KS24] pointed out a gap in [CT94] and fixed it as a corollary
of their main theorems. It is worth noting that both [CT94] and [KS24] discuss the
more general setting of asymptotically conical end.

While 7 = m is optimal, various authors continue to improve our understanding
towards the regularity of metric at the infinity. For example, Chen [Che20] proved
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a full expansion of g;; in the coordinate constructed in [BKN89]. Recently, more
precise expansion for harmonic functions and harmonic one-forms were obtained by
Chen and Yan [CY24].

For m = 4, Biquard and Hein conducted a detailed analysis of the leading term
ho in the expansion of g;;. In particular, in Section 2 of [BH23|, it was proved
that hg is the sum of harmonic gauge terms and Kronheimer terms. While the
former could be removed by a further coordinate change, the latter was shown to
be exactly the leading term of the metric expansion for the family of ALE Kahler
Ricci-flat four manifold due to Kronheimer. Although not explicitly mentioned,
the computation in Proposition 2.6 in [BH23] actually established an isomorphism
between the space of Kronheimer terms and the space of Weyl tensors on R* (see
also Appendix A of [Ozu24]).

1.1. The main results. In this paper, we revisit the problem of establishing op-
timal decay rates and characterizing the leading terms in general dimensions. We
need Definition [Tl

Definition 1.1. For a function f defined on R™ \ B(0, R), it is said to be in
O(]z|™7) if there exist constants C'(k) such that

‘3(k)f‘ (z) < C(k) x| 7" for k=0,1,2,...
on R™\ B(0, R).
Our first result is

Theorem 1.2. Let (M, g) be an m-dimensional Riemannian manifold and Q is an
end satisfying
(1) (M,g) is Ricci-flat on Q;
(2) Vol(B(o,r)NQ) > Cr™, for some fizred o € M and C > 0 and any r > 0;
(3) Jo |Rm|™?dV, < co.
Then there is a compact set K in M such that there is a diffeomorphism U from
the universal cover of Q\ K to R™\ B that gives a coordinate system satisfying
(I) it is Bianchi, in the sense that if ge is the flat metric given by the coordi-

nates, then
1
By.g:=104.9 — Ed(Trge g9) =0.

Moreover, this is equivalent to saying that ¥ is a harmonic map from g. to
g.

(IT) the metric tensor has an expansion

T —m—
(1.2) 9ij = 0ij + Wiktj— =5 + O(Jz| ™" h.

Ed
Here Wiy 1 is a Weyl tensor.

Remark 1.3. Let I be the fundamental group of 2\ K. In previously mentioned
results such as [CT94], [KS24], it is necessary to assume I" # {1}. This is not needed
for Theorem The key point is that instead of focusing on one coordinate, we
use an intertwined process of finding new coordinates and improving the regularity
of the metric. Indeed, in the rest of the paper, we always assume that Q \ K is
simply connected. In case I" # {1}, it is easy to pass to the universal cover and
work with I'-equivariant spaces in the proofs.
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Remark 1.4. There is a harmonic coordinate version of Theorem [[.2, with (I) re-
placed by: (I’) the components of ¥ are harmonic functions. This could be proved
similarly. Instead of repeating, we will indicate at various places how the proofs
can be modified for this purpose.

Given Theorem [[2] it is natural to ask if the Weyl tensor W is independent of
the choice of coordinate. Or equivalently, is it an intrinsic geometric property of an
end of manifold satisfying the assumptions of Theorem [[2I? Theorem provides
a positive answer.

Theorem 1.5. Let (M,g) and Q be as in Theorem [[2l Assume that there are
two coordinate systems (xr) and (yx) defined on (the universal cover of) 1\ K
such that in each of these coordinate systems, we have Weyl-type tensors W and
W respectively satisfying

Lalh

g = (di5 + WiaijTJrQ + 0(\x\7(m+1)))d:1:i ® dx;
T

and

I YaY —(m
g=(d; + Wiabj‘mTj;Q +O(ly|™ H)))dyi ® dy;.

Then there exists an A € O(m) such that
Wijkt = WabedAai Abj Ack Adr.

Remark 1.6. In Definition [[LIl we have assumed a bound for derivatives of any
order. This is not necessary for the validity of Theorem We have chosen to
keep the exposition simple.

The coordinate in Theorem in spite of possessing good properties is not
unique (up to rotation). Hence, it is natural to ask the following question (with
the exponential map and the normal coordinate in mind): is it possible to define
a better coordinate that is unique (up to rotation) and whose metric expansion
contains more geometric information?

We then move on to discuss the renormalized volume. On noncompact manifolds,
the total volume is often infinity. However, under reasonable assumptions on the
geometry of the manifolds, it is often useful to compare this infinity (more precisely
the growth rate) with some standard example and the difference is usually called
the renormalized volume. It was first defined for asymptotically hyperbolic Einstein
metrics by Graham [Gra00]. Later, Anderson [And01] found an explicit formula
for the renormalized volume in this case. Brendle and Chodosh [BCI4] defined
a renormalized volume in a different setting for asymptotically hyperbolic metrics.
For the asymptotically Euclidean (or flat) case, the renormalized volume was defined
by Biquard and Hein [BH23] for ALE Ricci-flat four-manifolds/orbifolds. In this
case, they proved that the renormalized volume is non-positive and established the
rigidity for the equal case.

In this paper, using the coordinates above, we generalize the definitions of Bi-
quard and Hein to higher dimensions. First, note that Theorems and [L.3] con-
cern the geometry of an end. Therefore, we may extend their validity to spaces
that are orbifolds rather than manifolds, provided that the end itself satisfies the
assumptions. Specifically, we allow M to be an orbifold with finitely many isolated
singularities. At each singularity, a neighborhood is homeomorphic to the quotient
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of a ball in R™ by a finite subgroup of SO(m) — a type of orbifold that arises natu-
rally in the compactness theory of Einstein manifolds (see [And01l[Ban90]). Under
this extension, both Theorem and Theorem remain valid. Let x denote the
coordinate defined on R™ \ B as given in Theorem Set

B, =M\{|z| >r} and B, ={zeR™||z|<r}/I.
The renormalized volume V is defined to be the limit
(1.3) T Vy(B,) ~ Vi, (B,).
Following the discussions of [BH23], we have

Theorem 1.7. Let (M, g) be m-dimensional ALE Ricci-flat manifold/orbifold such
that the assumptions of Theorem hold for its end ). Using the above notations,
the limit in (L3) exists and is independent of the choice of the coordinate that
satisfies the assumptions of Theorem [LAl Moreover, ¥V < 0. The equality holds if
and only if (M, g) is R™/T.

In the case of m = 4, the renormalized volume V coincides with the one defined
in [BH23|. In [BH23|, the uniqueness of CMC foliation (see [CEV1T7]) is used in
order to justify that V is an intrinsic geometric quantity. Here, we take a different
approach. Our proof relies on the fact that any two coordinates satisfying the
assumptions of Theorem are the same up to high order.

1.2. Idea of the proofs. To illustrate the idea used in the proof of Theorem [I.2]
we start from the well-known expansion of any Riemannian metric g;; in its normal
coordinate system,
9ij = 0ij — %Riabjxal‘b +O(|«[*).
This formula is discussed in many textbooks on Riemannian geometry. The popular
proof uses Jacobi fields. There is another direct proof due to Riemann (as explained
by Spivak in [Spi79], see Volume 2, Chapter 4). There is also an interesting and
informative discussion of the history of this formula available at StackExchange
[Bryl4]. Among the answers posted there, there is one due to Bryant that is very
relevant to the proofs in this paper, which we summarize briefly as follows.
Since g;; is smooth, one starts with the Taylor expansion

(1.4) Gij = Qij + bij pTh + Cij i TRT + ..

It is easy to see that we can use a linear coordinate change to make a;; equal to d;;,
in which sense (L4) is simplified. The idea is that we may continue to do so and
look for better and better coordinate in which g;; becomes as “simple” as possible.
By considering a coordinate change

()i = o + Ajr iz,
we can eliminate the linear term b;; x if A ; is chosen correctly (by solving some
linear equations). Finally, one may consider one more coordinate change
p(x)i = ;i + Bjk,ivjTrw

to reduce the c;; 11 to a curvature tensor. To the best of our knowledge, we do not
know a complete proof in the literature. Hence, we provide the full details of this
proof in Section M with the linear algebra formulas proved in Section
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A part of Theorem amounts to an adaptation of the above argument to the
infinity of an asymptotically flat Ricci-flat metric. We take an intertwined argument
of algebra (to eliminate/simplify the coefficients in the expansion) and analysis (to
produce the next nontrivial leading term in the expansion using Einstein equation).
More precisely, we use [BKN89| as our starting point (hence our argument is then
independent of later development), i.e. a harmonic coordinate at infinity in which
(by elliptic regularity of the Einstein equation) the metric is

9ij = 51']' + A”k% + O(|.’E|7m)
Some algebraic lemma allows us to find a new coordinate in which A;;, = 0. This
is a feature of the present argument in the sense that we do not assume I" # {1} to
show the vanishing of A;;;, instead, we find a new coordinate. Then, we solve the
harmonic map equation to turn the new coordinate into a Bianchi coordinate while
keeping the expansion. Then elliptic regularity of the Einstein equation again gives

an expansion

LTI —m—
i = 5”‘ + Aijkl— + O(|I| m 1).

‘x|m+2
Another algebraic argument implies the existence of a new coordinate in which this
Aijir is reduced to a Weyl tensor. Finally, we solve the harmonic map equation
again to find the coordinate claimed in Theorem

Now, we explain the proof of Theorem The identity map is certainly a
harmonic map. If we use coordinate x in the domain and coordinate y in the target,
the identity map is given by ¢(x) = y for some smooth function ¢. Given that g;;
is approximately d;; in both x-coordinate and y-coordinate, it is obvious that when
x goes to infinity, ¢ gets closer and closer to an orthogonal transformation plus a
translation. The key to the proof is to develop the regularity of ¢ using the harmonic
map equation and the assumed expansion of metric tensor in both coordinates. For
simplicity, if we assume the orthogonal transformation and the translation at the
infinity is trivial, the regularity analysis yields

o(x); zaci—l—Bij‘;ﬁ +...
for some 2-tensor B € (R™)®2. Formal computation shows that it is this 2-tensor
B;; that is responsible of transforming W to W. However, some linear algebra
result (see Lemma [5.4) implies that W = W as claimed by the theorem.

Given the existence and the “almost” uniqueness of a good coordinate at the
infinity, it is natural to use it to define various geometric quantities. Besides the
Weyl tensor given in Theorem [[H we follow Biquard and Hein [BH23] for the
definition of the renormalized volume ([3]). Our uniqueness result implies that it
is an intrinsic geometric quantity. The rest of Theorem [[7]is proved using a result
of [Ros87] (as suggested by Remark 3.1 of [BH23]).

The rest of the paper is organized as follows. In Section Pl we discuss some
linear algebra results needed later. In Section Bl we prove a theorem about the
existence of Bianchi coordinate. In Section Hl we give precise details to the local
result outlined by Bryant that serves as a precursor to Theorem [[.2] and strengthen
it a little by asking the coordinate to be Bianchi. The result in this section is not
logically necessary for the proof of the main theorems in this paper. We simply
hope they are interesting in their own right. In Section Bl we prove the two main
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theorems. Finally, in Section [6] we discuss the concept of renormalized volume and
show that in the special case of dimension four, it agrees with what is known in
[BH23].

2. SOME ALGEBRAIC FACTS

In this section, we define some maps between tensor spaces and discuss a few
properties that are useful to the proof of our main results. The maps defined in
Section and their properties may look strange at first, but they will be shown
to be useful later.

2.1. Notations. To start, we fix notations. Throughout this paper, we are inter-
ested in various tensors on R™. With the standard inner product of R™ in mind,
we make no distinction between covariant and contravariant tensors. If A is a 4-
tensor, its components are denoted by A i,i,,. For simplicity, we write A(1234)
for Aj iyisi;- We denote by [A(1234)] the tensor whose components are A(;234).
Please note that using this notation, [A(2134] is different from [A(1234)]. The same
convention applies to 2-tensors and 3-tensors.

We use § = [d(19)] for the Kronecker delta. We also assume the summation
convention that repeated indices are summed over. We use Tr(;3) for the trace over
the first and the third indices of a tensor. For example, if A is a 4-tensor, by taking
Tr(13), we obtain a 2-tensor.

Tr(13)([A1239)]) = [A(a1a2)]-

We also use S(12) for the symmetrization of the first and second indices of a tensor.
More precisely,

Sazy([An2s))) = 5[Ax23) + A@i3))-

N~

S(234) is understood similarly.

Sk(R™) is the space of symmetric k-tensors. S2(R™) is the traceless symmetric
2-tensors and A2(R™) is the skew-symmetric 2-tensors. These spaces arise naturally
in our paper. For example, when we consider the Taylor expansion of a metric g;;,
the linear term is a;jx2), where [a(123)] is a tensor in S?(R™) @ R™.

Finally, C is the space of curvature tensors and W is the space of Weyl tensors.
We define a map s on C by

1
s([Razsa)]) = 5([3(1342) + R(1432))) € S*(R™) ® S*(R™) VR € C.

It is well known that s is injective on C. We denote s(C) by C and s(W) by W.

Remark 2.1. The map s is related to the so-called curvature operator of the second
kind, which we refer to Section 2.3 of [BK78] for its definition.

Remark 2.2. As a corollary of the first Bianchi identity, for any tensor A in C~, we
have

A(1234) + A(1342) + A(1423) = 0.
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2.2. Maps between tensors. Using these notations, we write down a few impor-
tant maps between tensors that will be used in later proofs.

(1) R: S?(R™) ® S?(R™) — C defined by
(2.1) R(A) = [A2413) — A(2314) — A(1423) + A(1329)]-

For the meaning of this map, we notice that if the metric is g(12) = d(12) +
A(1231)T(3)2(4) for A € S*(R™) @ S?(R™), then the curvature tensor at the
origin is R(A).
(2) R: S%(R™) ® S?(R™) — C defined by
~ 1
R(A) = —E[R(A)(1342) + R(A)(1432)]-

Given g as above, this is the tensor that appears as the second order term
in the expansion of g in the normal coordinate system.
(3) ¥y : S2R™) @ R™ — S%(R™) ® R™ defined by

Vy(B) = —2[B(312) + Bza1)]-
This is related to the coordinate change of the linear term in the expansion
of Gij-
(4) Uy : R™ @ S3(R™) — SZ(R™) ® S?(R™) defined by
Uy (B) = —3[B(1234) + B(2134)]-
This is related to the coordinate change of the quadratic term in the ex-
pansion of g;;.
(5) U3 :R™ — S2(R™) @ R™ defined by
\113(3) = —(m — 2)[(5(13)3(2) + (5(23)3(1)]

This is related to the coordinate change of the —(m — 1) order term in the
expansion of an asymptotically flat metric at infinity.

(6) Wy : (R™)®2 5 SZ(R™) ® S?(R™) defined by

m
V4 (B) = [B12)0(34) +B(21)0(34) — 5 (B(13)0(24)+B(14)0(23)+ B(23)6(14) + B(24)6(13))]-

This is related to the coordinate change of the —m order term in the ex-
pansion of an asymptotically flat metric at infinity.

(7) The Bianchi operator acting formally on the —(m — 1) order term of the
metric expansion motivates

Bl . SQ(Rm) ®Rm — 52(Rm) ®Rm
B1(A) = [24(34a)0(12) — M(A312) + A321)) — A(aaz)0(12)
m
+ E(A(aaQ)(;(lS) + A(aa1)d(23))]-

(8) The Bianchi operator acting formally on the —m order term of the metric
expansion motivates

B, : S*(R™) ® S*(R™) — R™ @ S3(R™)
B (A) = S(234)[4A(a1a4)0(23) — 2(m + 2) A3124) — 2A(aa14)0(23)
+ (M + 2) A(aa24)0(13)]-
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2.3. Decomposition of tensor spaces. In this subsection, we collect a few prop-
erties for the maps defined in Section Those maps can be regarded as mor-
phisms of representations of O(m). Hence, they may be understood via a decom-
position of the domains and the images into irreducible representations. However,
we refrain from using any abstract theory, instead we prove only results that are
needed in later proofs using elementary and explicit methods.

Proposition 2.3. The map ¥, : S2(R™)@R™ — S2(R™)QR™ is an isomorphism.

Proof. ¥y is a linear map between vector spaces of the same dimension. Hence
it suffices to show that Wy is injective. Namely, for any [Bia3)] € S*(R™) ® R™
satisfying

Bs12) = —B321),
we need to show that [B(j93)] = 0. In fact, since B is symmetric in the first two
indices and skew-symmetric in the last two indices, we obtain

B123) = B(213) = —B(231)
= —B321) = B(312) = B(132)

= —B(123),
which implies that B = 0. (]
Proposition 2.4. There is the direct sum decomposition
S*(R™) © S*(R™) = C® U (R™ @ S*(R™)).
More precisely, for any A € S?(R™) @ S?(R™),
A=R(4)+ Ty(B)
where B € R™ @ S3(R™) is defined by

1
(22) B= —E[QA(1234) +2A(1324) + 2A(1423) — Aza12) — A31a) — A2a13))-

Proof. The fact that A = R+W,(B) can be proved by straightforward computation.
In fact, we have

1
R(4) = _E[A(2314) + Aaa13) — 2A(3412) — 2A(1234) + A(1432) + A(1324)]

and
1
Vy(B) = 6 [4A(1230) — 2A3412) + A(1324) + A(1423) + A2314) + A2413)] »

whose sum is exactly A.
To see that this is a direct sum, assume that we have C' € C and B € R™®S3(R™)
such that

C +Vy(B) = 0.
By Remark 2:2] C' and hence ¥4 (B) satisfy the first Bianchi identity,
(Ua(B))234) + (Y2(B))(1342) + (V2(B))(1423) = O,
which is (using the definition of ¥s)
(2.3) 3B(1234) + B(2134) + B(3124) + B(a123) = 0.
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Here in the above computation, we have used the symmetry of B in its last three
indices. We do a permutation of the four indices in the above equation and sum
them up to see

B(1234) + B(2134) + B(3124) + B(4123) = 0,
which (together with ([Z3])) implies that B = 0. Therefore C' = 0 and the proof of

the proposition is done. O

Lemma 2.5. We have the following direct sum decomposition
SZR™ QR =Y, &Y, @ Hy ;.
Here
Yi = {002 Bl B € R™}
Vs = {[6(13)B(2) + 8(23)B)]| B € R™}

and Hay; is the set of harmonic tensors in S?*(R™) @ R™, in the sense that trace
with respect to any pair of indices vanishes.

Proof. By definition, Y7 and Y, are subspaces of S?(R™) ® R™. For a tensor
A€ S2(R™) ® R™, recall that T(12y and T{13) are defined by

Given the symmetry of A, these are the only independent traces. By computation,
we have

Taz a2 B =mB

T3)[0012)B(s)] = B
Ta2)[0a3)B2) + 028 By = 2B
T3)[0(13)B(2) + 023)B)l = (m + 1)B.

Since the matrix

m 1
2 m+1
is invertible (m # 1, —2), for any A € S?(R™) ® R™, we can find B and B’ in R™
such that
A = [0a2)B)] = [0013)B(a) + d(23)B(1))]

is totally traceless, i.e. a harmonic tensor.
To see that this is a direct sum decomposition, assume that we have B, B’ € R™
and A € Hy; such that

[612) Bzy] + [613)Bla) + 6 (23 B{1)] + A = 0.

By taking trace, we find that B = B’ = 0 and hence A = 0. ]
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Using Lemma 2.5 we can show
Proposition 2.6.
Ker(B1) = Im(¥3).

Proof. By definition of U3, it is obvious that Im(¥3) = Y5 in Lemma 25 We verify
directly that Y5 lies in the kernel of By. To see this, for any B € R™,

([5(13 2) + 5(23)3(1)])
2(m + 1 5(12) —mb(a3)B(1) — md(12)B(z) — md(13)B(2) — m(12) Bz)]

+ [ 2B(5002) + 5 (2B(z)009) + 2B(1)0(29)) |
—0.

It remains to show that B, is injective on Y; © Hy ;.
For B € R™, we compute

m
(2.4) Bi1([612)B(3)]) = (m —2) 5(3(2)5(13) + B1)d(23)) — 3(3)5(12)} ,

which implies that By is injective in Yj. (It suffices to consider T\23) of the right
hand side of (2Z4]).)
For A € Hs 1, the definition of B; is simplified

B1(A) = —m[A@12) + A2

If A € Hy; NKer(By), then it is symmetric in the first two indices and skew-
symmetric in the last two indices, from which we conclude that A = 0. We have
proved this before, see the end of proof of Proposition 23l In other words, B; is
also injective in Hy ;.

To finish the proof, it remains to show that if there are B € R™ and A € Hy;
satisfying

B1([012)B@)]+4) =0
then both B and A are 0. To see this, we notice that By (A) is traceless, while for
Tr(13)(B1([0(12)B()])) = 0
we must have B = 0 (see ([24)). O
Next, we discuss a decomposition of S?(R™) ® SZ(R™). We start by defining a

few subspaces of it.
Define
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where

[1]

1(B) = [6(12)B34)]
2(B) = [B(23)0(14) + B13)0(24) + B(24)0(13) + B(14)0(23)

(1]

4
(Badaz) + Baz)d(sa))]

m

E3(B) = [B(23)0(14) + B(13)0(24) + B(24)0(13) + B(14)6(23)]

1

— 2
Eu(c) = c[0(13)6(24) + (14)0(23) — E5(12)5(34)]~
We also define Hs 5 to be the set of all harmonic tensors in S?(R™) @ S?(R™).

Lemma 2.7. We have the following decomposition
SPR™) @ SG(R™) = Z1® Zo® Zs ® Zs ® Ha .

Proof. One could verify by their definitions that these are indeed subspaces in
S?(R™) ® Sz(R™). Obviously,
S*(R™) ® S§(R™) = Z1 @ (S§(R™) @ S§(R™)).

For tensors in S3(R™) @ S3(R™), the only nontrivial trace is T(23). We check

T(23)22(B) = (m+2 — %)B VB € S3(R™)

T(23)E3(B) = (m +2)B VB € A?(R™)
and

T(23)([0(13)0(24) + 0(14)023) — %5(12)5(34)]) =(m+1- %)[%2)]

We derive from these equations that Zs, Z3 and Z, have no nontrivial intersections.
For any A € S3(R™) ® S3(R™), T(23)(A) is in R™ @ R™ and it is uniquely a sum of
tensors in S3(R™), A*(R™) and [§(12)]R, from which we find a tensor in Zy® Z5® Z4
such that by subtracting it from A we obtain a harmonic tensor in Hjo. This
completes the proof. O

Lemma 2.8.
(2 © Zo ® Zs @ Zy) [\ ker(Bs) = Z3 @ Zs
where
Z = {25(B)| B € (&™)}

and
— 4
E5(B) = [B(23)0(14) + B(13)0(24) + B(24y0(13) + B(14)0(23) — EB(12)5(34)]-

Proof. We begin with some results that can be proved by computations.

(2.5) B3(Z1(B)) = S(234) ((4 — 2m)B(12)0(34) + (m? — 4)B(34)0(12))

_ 8(m — 2 4(4 — m?
(2.6) B2(E2(B)) = 5(234)[%3(12)5(34) + ( )

(2.7) B(E3(B)) =0

=4(1) = (>~ 4)S(0) Fazy )

B(31y0(12)]

(28) B,

—
[1
B~
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For (2.3,
B:([6(12)B(sa)]) = S(aza) ((4 — 2m) B(14y0(23) + (m* — 4)B(24)6(13))
= S(234) (( — 2m)B(12)0(34) + (m? — 4)3(34)5(12)) .

For (2.8)), we notice that T{19)(A) = 0 for any A € Z, so that the definition for
B, is simplified.

B2 (E2(B)) = S234)(4Z2(B) (a144)0(23) — 2(m + 2)Z2(B)(3124))

8
= S(a3a) [4(m +2 — E)B(M)%?’) —2(m + 2)(B(12)0(34) + B(32)0(14)

4
B(14)0(32) + B(34)0(12) — 5(3(24)5(13) + B31)(24))) | -
Since we will do symmetrization of (234) anyway, among all terms above, there are

only two distinct ones, B(12)0(34) and B34)d(12). Hence,

_ 8(m — 2 4(4 — m?
B (E2(B)) = 5(234)[%3(12)5(34) + %3(34)5(12)]-

For 2.7,
B2(Z3(B)) = S(234)(4Z3(B) (a1a4)0(23) — 2(m + 2)Z3(B)(3124))
= S(234) ((2m + 4) B(14)d(32)
— (2m 4 4)(B(34)0(12) + B(12)0(3a) + B(32)0(14)))
= S(234) (—4(m + 2) B340 (12)) = 0.
For (2.8)),
By (Z4(1))

2
= S(234) <4m5(14)5(23) —2(m + 2)(0(12)0(34) + 6(14)0(32) — E5(13)5(24))>

8
= (- = 4)5(239)(012)0(34))-
It follows from ([2.35) and 286)) that
B1(E5(B)) =0

because our definition of Z5 is equivalent to

= - 4 - m
Z5(B) = Z3(B) + —Z1(B), VB € SZ(R™).

m

Together with (27, we find that Z3 @ Z5 is in Ker(Bs).
To finish the proof, we claim: if for some B, B’ € S3(R™) and ¢ € R such that

(2.9) Bs (Z1(B) + Z2(B’) + Z4(c)) = 0,

then we must have
E1(B)+E2(B')€ Zs and c¢=0.
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We derive from (23] that

_ 1
T(34yB2(E1(B)) = §T(34) ((4 = 2m) B(12)0(34) + (m* — 4) B(34)6(12))

1
+ §T(34) ((4 — 2m) B(13)0(24) + (m® — 4)3(24)5(13))
1
+ 370 (4 = 2m)Baaydias) + (m” = 4) B(ag)d14))
1
= 3 ((4=2m)m + (4 = 2m) %24 (m* — 4) + 2) Bua)
=0.
Similarly,
T(34B2(E2(B")) = 0.
However,

T(34)B2(Z4(1)) # 0.
Hence, by taking trace T(34) of (Z9), we find that ¢ = 0.
Taking T{12), we obtain from (Z.35])

_ 1
T12)B2(Z1(B)) = gT(m) ((4 = 2m)B(12)0(34) + (m* — 4) B(34)8(12))

+ %T(m) ((4 = 2m) B13)6(24) + (m* — 4) Bagyd(13))

+ %T(m) ((4 = 2m)B(14)0(23) + (m* — 4) B(23)6(14))
= % ((m? —4)ym + (4 — 2m) * 2 + (m?* — 4) x 2) B(19)
_ %m(m 1 4)(m — 2) B,

and from (2.06])
— 4
T(12)B2(:2(B/)) = _g(m +4)(m — 2)3212)-
Hence, by taking trace T(12) of (Z9), we find that
mB — 4B’ =0,
which finishes our proof of the claim and the lemma. O
The Weyl tensor appears in the decomposition and the kernel of Bs.
Lemma 2.9. .
Hj o Nker(Bs) =W = s(W).
Proof. By the definition of By, we derive that for some A € Hj o,
By (A) =0 <= Aq234) + A1342) + A(1423) = 0.
Hence, a tensor A lies in Hj 2 N Ker(B2) if and only if
(a) A(1234) = A(2134) and A(1234) = A(1243);
(b) all traces vanish;
(c) A(i234) + A(1342) + A(1423) = 0.
It is a corollary of (a)—(c) that

(d) Apasey = Aza12)-
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Step 1. Hyp NKerBy CW.
By the definition of W, it amounts to proving for each A € Hy o NKer(Bs), there
is W € W such that

A= s(W).
Given A, set
2 4
W= [_gA(1234) - §A(1324)}~
It remains to check that W is a Weyl tensor and A = s(W).
Recall that W is a Weyl tensor if and only if
(i) W(1234) = —W(2134) and W(1234) = —W(1243);
(ii) all traces vanish;
(iii) Weasay + Wiazaz) + Wiaaasy = 0.
We derive from (i)-(iii) that W(i234) = W(3412)-
Obviously, (ii) and (iii) for W follow from (b) and (c) of A. For (i), we compute
Wii234) + Wi2134)
2 4 2 4
= - (gA(1234) + §A(1324) + gA(2134) + gA(2314)>

4
=73 (A(1234) + Aq1324) + A(1423))
=0.
Here in the third line above, we used A(2314) = A(1423) and in the last line above, we

used (c). The other half is proved similarly. Hence, we have verified that W € W.
It remains to check that

s(W) = A.
In fact, direct computation shows
2 4

s(W)(1234) = S([—gA(1234) - §A(1324)])(1234)

1 2 4 2 4
5 ([_gA(1234) - gA(1324)](1342) + [—gA(1234) - §A(1324)}(1432))
1

2 4 2 4
=3 <—§A(1342) - gA(1423) - gA(1432) - §A(1324)>
= —A(1324) — A(1423) = A(1234)-
Step 2. HyoNKerBy D W. Namely, for each W € W, we need to show
S(W) € H272 N Ker Bs.

By the definition of s(W)
1
s(W) = g(W(1342) + Wi432)),

one verifies (a)—(c) directly. O
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Combining Lemma and Lemma 2.9, we obtain
Proposition 2.10.
S2(R™) @ SHR™) (\ker(By) = Z3 & Zs & W.
Moreover, using the definition of Wy,
Zs = Wy (A*(R™))
Zs = Wa(SF(R™)).
Proof. Given Lemma 27 it suffices to show that if there are B € A%2(R™), C €
S2(R™), and A € W satisfying
=3(B)+E5(C)+ A=0,
then we have A = B=C = 0.

To see this, we take T|23) of the above equation and notice that any trace of A
vanishes,

(m+2)B+(m+2—i)C’:O.
m

Since B is symmetric and C is skew-symmetric, both of them are zero. As a
consequence, A is also zero. (Il

3. BIANCHI COORDINATE AT INFINITY

The aim of this section is to show how we can turn an almost Bianchi coordinate
into a Bianchi one. This amounts to solving a harmonic map equation using the
Schauder fixed point theorem.

We assume that a natural coordinate system is given for Qg := R™\ B C R™.
Let g. be the flat metric given by this coordinate. A map ¢ from Qg to Qg is a
vector-valued function. It is harmonic from (Qg, ge) to (g, g) when

) dp; 0 .
A%Jrrjk(@(x))afﬂa—ik:o, for i=1,...

Here I' is the Christoffel symbol of the metric g.

,m

Theorem 3.1. Given a Riemannian metric g defined in Qg satisfying
(3.1) 9ij = 615 € O(ja| ")
for some 1 > 2, assume the identity map from Qg to itself is approrimately a
harmonic map from (Qg, go) to (Qr,g) in the sense that
(3.2) Doal(@) = O(Jz| ™).
Then for any € > 0, there is some R’ sufficiently large and an R™-valued function
u defined on Qg such that u solves
i 8u2 8uk
(33) Au; + ij(l' + u(x)) <5ja + 8_1,‘,1> <5ka + 8—%> =0
and )
we Oz~ 29,

In particular, ¢(x) = = + u(x) is a harmonic map from (Qg', ge) to (g, g).

The proof requires some estimates for the Poisson equation in weighted Schauder

spaces, which will be discussed in Section Bl and Section B2l After that, we prove
Theorem [3.11
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3.1. Weighted function space. For R > 0, recall that Qp = R™ \ Bg and set
Sy : By \ B1 = By, \ B,
to be the map
Sp(x) = ra.
For functions defined on 2, we define the weighted Holder norm (5 > 0 and § ¢ 7Z)

||U|‘Xmﬁ(QR) = Sg%rﬁ [[vo SrHCm(BZ\Bl) :

We denote the corresponding Banach space by X, g(Q2g). When there is no ambi-
guity, we often omit 0 and write X, g only.

Remark 3.2. Here in the above definitions, we allow a to be any positive real
number other than integers. For example, by C°/2, we mean the set of functions
whose derivatives up to second order are Hélder continuous with exponent 1/2.

Remark 3.3. The exact value of « is not important for the proofs in this paper.
Later, for technical convenience, we may require « to be bigger than some dimen-
sional constant so that we can use the fact that: a C® function on S™~! has its
spherical harmonic expansion converge uniformly. See [Kal95].

We discuss a few properties of the weighted functions.
For the derivative, we have

(3-4) 1020 x, < C|v|

a—1,6+1(2R) =

X5 () Vi=1,...m.
To see this, for any r > R,

7T [(0g,0) 0 Sellca-1(By\B1) = rott Hr_lami (vo ST)HCﬁkl(Bz\Bl)

<7rP|vo STHCQ(BQ\BI) .

For the multiplication, we have

(3-5) /9l

The proof is omitted.
We will also need the following result about the composition of weighted func-
tions.

Xmin(aq,ag),81+82 (2R) <C ||fHch1,ﬁ1 (2r) HgHXO(Q,ﬂQ(QR) :

Lemma 3.4. Assume that f = O(|z|™") for some 1 > 0 on Qr/2. For R™-valued
function u on Qg, set

o(2) = o+ u(z).
If for any 8 >0

HU”XQﬁ(QR) <1
then as long as R is larger than some universal number, we have

1f o @llx, ,(n) < C-
Proof. For r > R, we need to bound
r! [fowpo STHCO‘(BQ\Bl) :
By the assumption of f,
rt 1f o Sellcapppy <C forall r>R/2.
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Since fopo S, = fo0S,.08  opoS,, it remains to show
(3.6) S;topoS, :By\ By = By \ Bys

is bounded in C'®. In fact, we have

S topoS,.(z)=a+r tu(rr)

T

and ([B.0) follows from our assumption for w, in particular,

o Syl oy < L O

3.2. Poisson equation on Qg. The aim of this subsection is to prove
Theorem 3.5. There is a bounded linear map
U Xo2p4+2(Qr) = Ao p(QR)
such that
AV(f)=f on Qg

for any f € Xo—2,p+2(Qr). Moreover, there is a constant C' independent of R such
that

(P x,s sm) < Cl s 5i@n) -

This result should be well known. For completeness, we include the proof.

Proof of Theorem [B.3l It is important to note that throughout the proof, the con-
stants are independent of R.
Given f € Xy_2p12(Q2r), we first extend its domain to Q5,5 while keeping the

norm bounded. Denote the extended function by f , then we have
|1

By using some cut-off function to further extend the domain of f, still denoted by
f, to the whole of R™, we get a C®~?2 function on R™ satisfying

<C .
Xo o pio(Qr) Hf||Xa—2,B+2(QR)

|5+2.

@ =cir

Xo—2,8+2(02R) |1‘

Given the decay and 8 > 0, convolution of the Green’s function gives us a solution
u to the Poisson equation

Au=f on R™
and
ul (@) < C I flla, s acom 1217
Define
U(f) = ulag-

The desired bound on [¥(f)|x, ,q,) follows from the elliptic estimates. O
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3.3. Proof of Theorem [B.Jl Since 7 is assumed to be larger than 2, we may
assume without loss of generality that € is very small so that we may set § =
7. — e > 2 and choose 3’ € (3,7). For simplicity of notation, we set

Flul; := Ty (2 + u(x)) (% + auj) (m + 8“’“) .

0x, 0z,

Lemma 3.6. For any § > 0, there is R sufficiently large (depending on the metric
and 0, (3, i) so that for any u € Xo,5—2(Ur) with [[ul 5 o a(n) < 1, we have

[E [l

Proof. The proof consists of two steps.

p(an) SO

Step 1. There exists some constant C' such that

(3.7 ||F[U]||xa_1,,-l(szR) <C.
For the proof, we compute
) . ou; . Ou,; Oug,
Flu]; =T 2T ST o
[uli = Toa(@ + u(@)) + 250 (@ + u(@) 2 + D (o +u() = 5

Given the assumptions of Theorem [B.I] we have
i (-1 i —
(@) = O(lz|~"7Y), Tia(@) = Ol ™).
Lemma [3.4] implies that
HF}k(x + u(x))”xmﬁ_l(%) <C
and
||1“fm(x + “(x))HXM(QR) <C.
Using ([B4) and the assumption of u, we have
an
Oz,

<C.

Xa-1,8-1(2R)

Noting that 8 —1 > 1, we can prove (B) by using the multiplication rule in (33).

Step 2. With [B.7), the proof of the lemma is done by taking R large (depending
on § and the constant C in (87) in the following inequality

IE e, o < IE, L m B

The above inequality is a direct consequence of the definition of the weighted norm.
In fact, for any function w € X,—1,7(gr), we have

lwlix, _, ,@n

B
=supr” ||wo Sy a-
r>R | rle H(B2\B1)

IN

(R)” " supr™ ||lw o Srllco-1(B,\B1)
r>R

=R " lwilx, | .@n - 0
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We now turn to the proof of Theorem [B.11

For the constant C in Theorem B.5] choose § = % Let R’ be the R given by
Lemma Consider the unit ball B in the Banach space X, g_2(2g/). For each
u € B, Lemma implies that

IEllx, , o@p <

Theorem gives some v € Xoy1 5 —2(Qp) satisfying

J.

[ollx, ., o s@py <1

Consider the natural embedding
L XaJrl’g/,Q(QR/) — Xa’ﬂfg(QR/).

For 8’ > 3, 1 is a compact linear operator satisfying

(x5 sy S M0l s -

By defining
u> 1o U(Flul]),

we obtain a compact operator from B to itself. Then the Schauder fixed point
theorem implies the existence of w in B with

Au = Flu].

4. EXPANSION OF METRICS AT A SMOOTH POINT

In this section, we study special coordinates around a smooth point of any smooth
Riemannian manifold. We do not claim any result of this section to be new. In-
deed, the first part of Theorem [3]is well documented in any Riemannian geometry
textbooks and the proof we used here is nothing but the one outlined by Bryant
in [BryI4] with the algebraic details worked out. The second claim in Theorem [£.3]
is rather routine in PDE. It shows that we can have a harmonic/Bianchi coordi-
nate that is as good as the normal coordinate in the sense that we have the same
expansion of the metric.

4.1. Definitions and results. Given a smooth Riemannian manifold, around a
fixed point, the geodesic coordinate is defined via exponential map and it has many
advantages, in particular, the metric tensor has an expansion in this coordinate
where the Riemannian curvature tensor appears as the coefficients of the second
order term.

1
(4.1) gij = 0ij — ng‘quf”pIq o

Besides this, one can define a harmonic coordinate in a neighborhood, where the
coordinates are harmonic functions with respect to the metric. The advantage
of this harmonic coordinate is that in this coordinate, the leading term of Ricci
curvature is nothing but the Laplacian of the metric tensor (see for example [DKS8I])

1
Rij = —§Agij +...

It is natural to ask if there is any coordinate that has both the features mentioned
above.
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There is also a notion of Bianchi coordinate, which is defined by
(4.2) By.g=0

where g, is the flat metric defined by the coordinates and By (h) = §(h— 5(Try h)g)
for any symmetric 2-tensor h. This coordinate serves a similar purpose as harmonic
coordinate in making the Ricci equation elliptic, while its definition allows global
considerations. It is widely used in the study of deformation of Einstein metrics.
We have the following interpretation of the Bianchi coordinate.

Lemma 4.1. Assume that (M, g) is an m-dimensional Riemannian manifold and
x € M, U is a neighborhood on which ¢ : B C R™ — U defines a coordinate system.
Then it is Bianchi if and only if ¢ is a harmonic map from B (with the flat metric

of R™) to (U, g).

Proof. If we write g for ©*(g) as a metric on B, the Bianchi coordinate assumption
means

. 1 .
(4.3) 0595 + 5@'(2 9j3) = 0.
j

Let F;k be the Christoffel symbols of the Levi-Civita connection of g. For the
identity map to be a harmonic map from (B, g.) to (B, g), we need

(4.4) Ng.z' + r;k%%’; =
which is equivalent to
i =0.
By the definition of T,
I =g" (%ﬂj - %%) :
Since g% is invertible, we find that (@4) is equivalent to (E3). O

Remark 4.2. There is another way of looking at Lemma [l Since the map ¢ is a
diffeomorphism, then a variation of ¢ is equivalent (by the invariance of Dirichlet
energy under the action of diffeomorphism group) to a variation from the domain.
Hence, in the terminology of harmonic maps, for such maps, being harmonic is
equivalent to being stationary harmonic. The divergence free property of the Stress-
energy tensor in this case is exactly the same as the Bianchi condition ([@2]).

The main result of this section is

Theorem 4.3. Let (M, g) be any Riemannian manifold of dimension m andx € M
be any fized point. Then there is a coordinate around x such that

1 2
9ij = 0ij = 5 Ripgjpq + o(|z]%),

where R;pq; is the Riemannian curvature tensor at x. Moreover, if Ric(x) =0, the
above coordinate can be chosen so that it is harmonic or Bianchi.
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4.2. Proof of Theorem [4.3l For a vector-valued function v : B(0,e) C R™ —
R™ consider the equation

(4.5) Au = F(z,u, Vu)

where F' is a smooth function in its arguments. We are interested in the “local
solvability”, which is the topic of Section 14.3 of [Tay97]. Note that the author
discussed more general elliptic equation of order m.

The k = 0 case of the following result is exactly Proposition 3.3 (for our equation)
in [Tay97], which was presented as a “refinement” of the local solvability theorem
(Theorem 3.1 therein). As an interesting historic note, the author remarked after
Proposition 3.3: “The desirability of having this refinement was pointed out to the
author by R. Bryant.”

Lemma 4.4. If ug is a smooth function on B(0,¢) that satisfies [EH) at 0 up to
order k, namely,

(Aug — F(x, ug, Vuo))(l) (0)=0
forl=0,1, ..., k. Then there is a solution u to (@3 defined on some smaller
neighborhood B(0,0) such that

(u—19)®(0) =0
foranyl=0,1,..., k+2.

The generalization from k& = 0 to general k is routine. Since the initial approxi-
mate solution is better, the formal solution in Lemma 3.2 could be chosen better.
Namely, m + 1 in (3.13) could be improved to m + 1+ k. The rest of the argument
could be modified accordingly. We refer the details of this proof to Section 14.3 of
[Tay97]. We also note that a similar version of the weighted function space and an
application of the Schauder fixed point theorem as in Section Bl could also provide
a proof of Lemma, 4]

Now, let’s start the proof of Theorem [£.3]

Find any local coordinate around x € M. Since the metric is smooth, there is
the Taylor’s expansion. By making a rotation, we may assume that

gij(x) = di5 + O(|z]).

By doing so, we have simplified the constant term in the expansion. Lemma
deals with the linear term.

Lemma 4.5. There is another smooth coordinate centered at x such that

(4.6) gij = 8i + O(Jz[*).

Proof. In the original coordinate,

(4.7) 9ij = 0ij + Aijray + O(|z|*)

where A;;;, = Aji,. By Proposition 23] we can find B;jj, satisfying
(4.8) Aupk + 2Brab - 2Brpa = 0, Vk,a,b=1,...,m.

Consider a coordinate change
o(x)k = Tk + Bijrtix;.
The pullback metric is
(¢*9)ab = (85 + Aijror) (6ia + 2Braizr) (35 + 2Bypjxy) + O(|z[*).
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Thanks to (48], we obtain
(©"9)ab = Sab + O(|[*). O
Lemma deals with the second order terms in the expansion of g;;.

Lemma 4.6. There is another smooth coordinate centered at x such that

9ij = 0ij — %Rz'quxpxq +0(Jzf)

where Ripq; s the Riemann curvature tensor at x = 0.

Proof. Since g is smooth and satisfies ([£.0), we have an expansion
Gij = 0ij + Ajjrizrr; + O(|z|*).

Here Aijk:l satisfies Aijkl = Ajikl = Aijlk~
By Proposition 4] there are R € C and B € R™ ® S3(R™) such that

A =R+ Uy(B).
Consider a coordinate change
o(x); = x; + Bijrixjri.

The pullback metric is

(©"9)pq = oz, 8—952 (%‘ + Aijriprer + O(ISO\?’))

= 0pq + 3BgpbevTe + 3BpgpeoTe + ApgheToTe + O(|ac|3)
By the definition of ¥y in Section 221

(0" 9)i; = dij + Riquszq + O(|x|3)
By the isomorphism between C and C, we have R € C such that

. 1
(‘P g)ij = 0j5 — E(Riqu + Riqu)xpxq + O(|$|3)

Given this expansion, we verify by direct computation that R is the curvature tensor
of p*g at x = 0. |

This proves the first claim in Theorem
For the second part, take the coordinate given by Lemma and we plan to
solve

i ou,; 8uk
(4.9) Au; + T (z + u(z)) <6ja + a—xf) (% + &va) =0
for w in a neighborhood of 0 such that
(4.10) u=Vu=Vu=Vu=0.

([#3) implies that ¢(z) = z + u(z) is a harmonic map, i.e. the coordinate given by
¢ is a Bianchi coordinate and it follows from (£I0]) that the expansion in this new
Bianchi coordinate remains the same.

To solve ([@3), we use Lemma 44 with uy = 0. Therefore, it remains to check
that

Ffza(o) =0; alrfza(o) =0.
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The first equation is trivial because there is no linear term in the expansion. For
the second term, we compute

. 1
() = -3 (Rjkbi + Rjvki + Rijvi + Rivjs — Rjivk — Rjpir) T + . ..
Hence,
. 2
811’;&(0) = g(RZC)lz(O) = 0,

where we have used the assumption Ric(x) = 0.

This finishes the proof of Theorem 3] in the Bianchi coordinate case. For the
harmonic map case, it suffices to replace (9) with
aul-

Bau; = Tl (@) 524 =
Ty

0.
The rest of the proof is the same.

5. COORDINATE AT INFINITY OF ASYMPTOTICALLY FLAT EINSTEIN METRIC

In this section, we prove Theorem and Theorem We start by recalling
the famous result of Bando, Kasue and Nakajima [BKN89]. Let (M,g) be as in
Theorem It was proved in [BKNS89] that there is a compact set K and a

coordinate defined on the universal cover Q \ K in which the metric satisfies
1
9i(x) — 03j| < C—eq on R™\ Bg.

pm—1l—¢

Remark 5.1. Throughout this section, we assume that Q \ K is simply connected
for simplicity. In fact, we work on Qg and in case the fundamental group I' is not
trivial, we should insist that every function/tensor be I' invariant.

Moreover, the coordinate function x; is harmonic, i.e.
Ngx; =0.
Therefore, the Ricci-flatness implies
(5.1) Ag = Q(g,09)

where @) is quadratic in Jg.
Due to (1)) and the elliptic estimate, we know for any k € N,

1

k

By Definition [T} we may write
(5.2) gij = 8y + O(ja| "7,

Hence, the right hand side of (1) is in O(|z| 2™ ~%)). By Theorem B3 we know
the existence of a matrix of harmonic functions h;; such that

gij = hij + O(|a| 2" 7F2),
As harmonic functions defined on R™ \ Bpg, h;; has a well-known expansion. By
comparing with (5.2]), we obtain a set of coefficients A;;, (with A;;r = Ajix) such
that
x

(5.3) Gij = 0;5 + Aijkﬁ +O(Jz]™™).



426 BING WANG AND HAO YIN

As discussed in Section [I when the metric g admits some nontrivial isometric
action of a finite group I', it is known that A;;; must vanish. Here we do not
assume this additional symmetry. Instead of proving the vanishing of A;j;, directly,
we show the existence of another coordinate in which the metric expansion has
vanishing m — 1 order term.

5.1. A coordinate with vanishing m — 1 order term. Using notations given
above, we prove

Proposition 5.2. There is a Bianchi coordinate, denoted by &, defined on R™\ Bg/
(for some R’ > R) such that the metric has an expansion

gij = 51’]’ + O(|f|7m+5) for small € > 0,
where G;; is the metric matriz of g in coordinate T.

Proof. Since the coordinate functions z;’s that we use in (B3) are harmonic, the
coefficients A satisfy some additional requirements. More precisely, the harmonic
function equation Agx; = 0 implies that

"' T () = 0.
Plugging (£.3) into the above equation and ignoring all terms that decay faster than

|z|~™, we obtain
28wa Aiabx—[;n - 8@ Aaabx—[;n = 07
|| ||

which is equivalent to
(2Ai0a0be — 2mAipe — Aaaidbe + MAgabdic)ToTe = 0.
By the definition of B; in Section 2.2 the above equation becomes
B,(A4) =0.
Lemma [2.6] implies the existence of B € R™ such that ¥3(B) = —A, i.e.
Aiji = (m = 2)(0i.Bj + 0;1.B;).
With this B, we consider a coordinate change ¢ given by

(o)) = 2 + W

Note that when |z| is large, ¢ is a diffeomorphism. The pullback metric ¢*(g) has
an expansion

e = gii(o(@) (6 — (m — 2% (6. — (m — 2)Pi%a
(900 = 95(0(0)) (B — (=2 P22 ) (35— - 2) 722
= 0pq + |27 (Apgrwr — (m — 2)Bgay — (m — 2)Byag) + O(|2|™™)

= 0pg + O(|z[™™).

To finish the proof of Proposition 5.2l we need to apply Theorem 3.1l Using the
new coordinate given by ¢ (still denoted by ), the metric g satisfies

(5.5) gij = 0ij + O(lz|™™).

Hence,

(5.4)

i) = 0|z~ T,
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It then follows that the identity map ¢(x) = x satisfies approximately the harmonic
map equation in the sense that

;o 0p; 0oy —(m+1)

5.6 DNp; + 1% T2 =0 .
(56) pi+ T () 522 225 — Ofa| =)
Theorem [31] then implies that there is a solution @(z) to the above equation such
that

~ —(m—1—

B(@) =2+ 0(jal "),
Using a computation similar to (54) again, (5.5 remains true in the coordinate
given by ¢. The new coordinate now is Bianchi. ]

Remark 5.3. There is a similar version of Proposition that gives a harmonic
coordinate instead of a Bianchi one. Here we give an indication of how to modify
the proof. The proof before (53] remains intact. We observe that

Agtq = g0 wa = Tf(2)0ha) = g7 (@)1 (x) = O(2| D).
We need to find f, € O(|z|"™179) so that
Agfa = AgfL'au
that is
Dfu = Dyta+ g7 (@)D (@) fu + (97 — 5)0% fa-
This could be done by a similar fixed point argument as in the proof of Theorem
B Given f,, it suffices to check that Z, = x, — f, is the desired coordinate.

5.2. Proof of Theorem Recall that the Ricci curvature formula in a general
coordinate system is
1 g 0%y, Pgij gt
Ri == st is Jjs_ g s 9a).
ic(9)ij 2 Zg (85@8% + O0x;0x, Ox,0x¢y Ox;0x; +Q(g,99)

s,t

By the definition of Bianchi coordinate, the Ricci-flat equation in Bianchi coordinate
becomes

(5.7) Agi; + Q(g,99) + Q' (g — 6,0%g) = 0,

where @ is quadratic in O¢ and @’ is linear in both g — § and 92g.
Given Proposition (2] by the same argument that we used to prove (B.3)), we

obtain

TETy - 1
(5.8) gij = 0ij + AWHT+2 +O(|z[ ™),

x
Here A;ji; is a tensor satisfying the obvious symmetry

Aijit = Ajint = Asjik.

Plugging (5.8) into (5.7)), focusing on the leading term and taking the limit |z| — oo,
we obtain

LT
(5.9) A (Aijsz> =0,

which implies that A;jrr = 0, or equivalently,

A€ S*(R™) ® S§(R™).
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In addition to (B9)), being a Bianchi coordinate puts strong restrictions to the
A in (B8). The Bianchi condition means

1
0;9i5 — iaigjj =0 for all =.

—(m+1)

Plugging (58) into the above equation and focusing only on the |z| order

term, we obtain
(4Aiaibk; — 2(m + 2)Ajin — 244010k + (M + 2) Agaridij) iz = 0.

Note that we can always do the symmetrization over the indices k,[,j for the
coefficients before zyx;x;. This leads us to the definition of By in Section

B, : S*(R™) ® S*(R™) —» R™ ® S*(R™)
by
B2 (A) = S(234)[4A(a1a4)0(23) — 2(m+2) A(3124) — 2A(aa14)0(23) + (M +2) A(aa24)0(13)]-
In summary, we have shown that the tensor A in (5.8)) lies in
Z = S*(R™) @ S§(R™) N Ker(B,).

To finish the proof of Theorem [[L2] we claim the existence of another Bianchi
coordinate (which is a small perturbation of the one given in Proposition [(5.2]) such
that in the new coordinate (denoted by Z) we have

(5.10) 51]+kal‘ |'fn+2 O(|a|~ ")

for some W € W. Given W, we can find W € W such that

1 .
=[Wiisaz) + Wiiasz) = W.

s(W) = 5

Obviously,
= Ty TpTy
ikl =y = Wikl
™ ™"

Hence the proof of Theorem is done.
It remains to prove the claim. The strategy is the same as before. We first find
a vector-valued polynomial function
Ly

such that ¢(z) = = + u(x) defines a diffeomorphism near the infinity and the
pullback metric ¢p*¢g has the required expansion. Second, we solve the harmonic
map equation to get a Bianchi coordinate with the same expansion.
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For the first step, if ¢ is given in (5.8) and the coordinate transformation ¢ is
given by B as above, we derive a formula of ¢*(g)

™"
Xal
51y + Bra(-222 — g Loy
< P |z \ || 2

ToX
<5Jq + Bja(l | mﬁ)) .

The |z|~™ order term in the right hand side of the above is

* PLPl (m
(0" 9)pq = <5ij + A ——5 i — +O(|]z|~ = ))

(qubc + BgpOve + Bpgdpe — %(quépc + BgcOpy + Bppdge + ch5qb)) LpLe-
This explains the definition of ¥, in Section

Ty (R™)®2 = S2(R™) © S*(R™)
defined by

m
Uy (B) = [B12)0(34) +B(21)0(34) — 5 (B(13)0(24)+B(14)0(23)+ B(23)6(14) + B(24)6(13))]-

Lemma 5.4. For any A € Z, there exists B € (R™)®? satisfying
A+ Ty(B)eW.

Moreover, this B is unique and satisfies Tr(B) = 0.

Proof. Tt is almost Proposition 2ZZT0l It suffices to note that

Vi([012)]) = [2012)0(34) — m(0(13)0(24) + O(14)0(23))] € Zu,
which is not in Z by Lemma 2.8 a

With the new coordinate defined by ¢(z) = z +u(z) where u is defined in (BI1))
and B is given in Lemma 54 we have

(5.12) gij = 0ij + Wijkl‘ |m+2 +O(Ja] 7"y

where W € W. This is the first step.

Our next step is to turn this coordinate into a Bianchi coordinate with a small
perturbation that keeps the expansion in (5I2]). For this purpose, we check that
the identity map satisfies the harmonic map equation up to high order.

Lemma 5.5. The identity map @(x) = x is approzimately harmonic map from g.
to g in the sense that

i 09 0o (m+2)
(513) ASDZ—’—F]k( )6$ axa - (‘ ‘ )

Here T" is the Christoffel symbol of g.
Proof. Since ¢(x) = x, (B13)) is the same as

T8,| (z) = O(lz| " +2)).
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With (B.I2]), we can compute

891']' 6kbxc TpX T —(m+2)
=Wijbe | 2——5 — 2 0] .
81‘/.3 ijbc ( |I|m+2 ( + ) ‘ |m+4 + (|I| )

Hence

i 1 (0gi;  Ogir Ogjr —(m+2)
jk—2(8 +8xj ox; +Olel )

= 9 ‘ ‘ o (mta) ZWijbc(Skbxc |1'|2 - (m + Q)Wijbcl‘bl'cl‘k)

2Wikpe ]bxc |~T| (m + 2)Wikbcxbzcxj)

2| |('IYL+4) (

2W]kbc WbLe |I| (m + 2)ijbc113b$cl“i) + 0(‘33‘—(7"4-2))

2 | |(m+4)
1
= T [(Wijke + Wikje — Wikic)0ab] TaZpTe
X
m+ 2 (m
- 2||—m+4(WijbC5ka + Wikvedia — Wikbedia) Tatpe + O(|z| ")),
X

Since all traces of W vanish, when we take the (j, k) trace of the above equation
for T%;,, we obtain
i m+2

—(m—+2
aa — _2|x|—m+4(Wiabc + Wiabc)xaxbxc + O(|‘T| (m+ ))

The proof of the lemma is done by noticing that
Wiabcxaxbxc =0.

In fact, since W € 17\7, by its definition in Section 2] we have the first Bianchi
identity:
Wiabc + Wibca + Wicab =0. O

Given this lemma, the second step follows directly from Theorem [3.11

5.3. Proof of Theorem Let (M, g) be as assumed in Theorem [[2l It follows
from the theorem that we have a coordinate defined on Q0 and a Weyl-type tensor
W such that .
b —(m+1
= B+ Wiany it + O(Ja ™)

The aim of this section is to show that W (as a tensor) is an intrinsic geometric
property of (M, g). This follows from Theorem [[LB] because if we have some other
coordinate in which we have a similar expansion, the two Weyl-type tensors are the
same (up to a rotation in R™).

Remark 5.6. We do not claim that the coordinate in Theorem is unique. In
fact, it is not.

Proof of Theorem [[L3l Instead of one metric and two coordinates, we regard

ToT —(m
(6” + Wzabj | |m4lr)2 + O(‘x‘ ( +1)))d$2 ® d.’[j
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as a metric defined on Qg and

~ T YaYb ~ - 1
g= ((5@‘ + Wiabj—|y‘(in+2 + O(|y| (m+ )))dyz ® dy;
as another metric defined on Qg in another copy of R™. Then we have a map
¢ : Qr = Qp C R™ such that ¢*(§) = ¢g. Indeed, this is just the identity map
with its domain and its range represented by different coordinates.
In particular, ¢ is a harmonic map. Moreover, it follows from ¢*(§) = g that
D

(5.14) ’8—%

Since both z and y are coordinates of the same end, we have

<C on Qg.

lim |p(x)] = co.
|z|—o00

By (&4, for any z,z’ in Qg,
lp(2) —p(@)| < Clz — 2.

Hence,

(5.15) C < |‘p|(j)| <C'  on Qg

Let T and T be the Christoffel symbols of g and § respectively. The harmonic
map equation of ¢ is

(5.16) 9" (8@% — TF0kpa + f&(@)&%@%) =0.

Lemma 5.7. The second and the third order derivatives of ¢ is bounded on g,
i.€.
up |9%¢| + |0%| < C.

S
Qr+1

Proof. Fix a € (0,1). For any « € Qr11 and y € Qr/41, we have

k a
||gij||ca(B(gg,1)) ’ FinCO‘(B(w,l)) ) ”Fbc”CQ(B(y,l)) <C

uniformly. By (5I4), T¢.(¢) is also bounded uniformly in C®(B(z, 1)), i.e.
1T @||ca(B(z71)) <C.

We apply the L estimate to (5.16]) to get W bound for dp on B(x,3/4) for any
p. This gives C#(8 € (0,1)) bound for d¢ on B(z,3/4). The lemma then follows
from the usual bootstrapping technique. O

Here is how we will use this lemma.
Corollary 5.8. For any a € (0,1), if r = |z|, then
r 200, r20%p € Xo1(Qr).

Proof. We prove r~20%p only. The other case is the same. By definition, it suffices
to show

coBa\B) = ¢

sup p||(r~20%p) o S|
p=R
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To see this,

p[|(r20%0) 0 Syl v,y < P 0%90) 0 Spll a1y
Qr

We rewrite (B.10]) as
(5.17) Dpa = (65 — 9702100 + 99T 50000 — 97T 1 (0)0i0adipn.

We denote the three terms in the right hand side by I, IT and I11 respectively and
find that

1= (8 — g")) - (r 203 0a)
IT = (r*g"T};) - (r0kpa)
111 = (r'g"Ti.(¢)) - (r2ipa) - (r2051).

On one hand, Corollary 5.8 implies that r—29p and r=29%p are in X,,1. On the
other hand, our assumptions on g together with the fact that m+1 > 5, imply that

(5.18) (r*(6i5 — g")), (r*g"T};) € Xaa.
We also claim that
(5.19) (r*g"Th.(#)) € X

To see this, it suffices to show that
~gc(<p) € Xa’g,.
For any p > R, we estimate f’gc opoS,. Forxe By\ By,
[T 0 w(p)| < Cp0mt)

by the expansion of g and (B.I5). For z,2’ € By \ By, assume the segment between
x and 2’ lies in By \ By and ¢ is the point on the segment for which the mean value
inequality holds, we have

[h. 0 p(px) — T, 0 p(pa)
0,1 ((p9))| 100l p 2 — |

< Cp~mHD) |z — 4|

<

This finishes the proof of the claim.

Using (5I8) and (BI9), we find that for some a; € (0,1) and some 3; € (2,3),
the right hand side of (BI7)) is in Xy, g, -

Theorem implies the existence of some harmonic function h, such that

Pa — he € Xa1+2,/31—2~

By (E&I4), h, grows at most linearly at the infinity and hence we may assume
ha = Agiz; + ¢, for some constant matrix (A,;) and constant vector ¢ = (cq) (by
neglecting terms decaying faster than 8; — 2). In terms of ¢, we have proved

(5.20) @q(x) = Agimi + o + €ay+2,8,—2 for some eq,42.8,—2 € Xa,+2.8,—2
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Instead of zj, we consider a new coordinate given by Iy = zp + ¢, the metric
tensor has the same expansion with the same coefficients
ToTp - - -
9= (6 + mejmam +0(j&|" ")) di; © di;.
z
Since the conclusion of Theorem cares only about W and W. Hence, we may
assume without loss of generality that ¢, = 0 in (G.20).
. . . ~ dpa D
Moreover, by taking the limit z — oo in g;;(z) = gab(‘p(x))aig;ia_ﬁv we know
that Ag; is an orthogonal matrix, as claimed by the theorem. By rotating x, or y,
we may assume it is the identity matrix. The proof of the theorem is then reduced
to proving
W =Ww.
To see this, we need to study higher regularity of ¢ at the infinity. We set (by
G.20))
u(z) = p(r) —x € Xoy 12,5 -2(Qr)-
The (BI6) becomes
(5.21)
Nug = g¥ Ffj (Oak + Oktig) — g T (x4 w) (Spi + Oip) (6cj + Ojuc) + (6% — g*)0:0;uq.

We claim:
(5.22) Atig € Xoy mya-
This is true because we have

Ou € Xy 41,8 -1

0*u € X, p,

gij —0ij € Xem
Ik e X m+2

Uiy (@ + u(@)) € Xoy12,mta-

Here * can be any positive number. The first three lines are obvious. The decay
rate of the fourth and the fifth line follows from the fact that the Weyl tensor is
traceless and this is exactly what is proved in Lemma For the fifth line, we
also need Lemma [3.4]

By ((22), Theorem implies the existence of A € R™ and B € (R™)®? such

that .
T
Ug = Aar,m__Q + Baiﬁ + Ca142,m—¢

by an argument used in the proof of (5.20). Here eq,42m—- is a function in
KXoy +2,m—e(Qg) for some small € > 0.
Since ¢ = z + u(x) is the coordinate change, we have
9ij = (0ai + Oitta) Jav (¢ + u(2))(0p; + Ojus).
By comparing the |z|'~" order term of both sides, we find that
A=0.
By comparing the |z|”"™ order term, we get

s(W) = s(W) + Uy (B).
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For the definition of ¥, and this computation, we refer to the computation before
Lemma 5.4l It follows from Lemma [5.4] that the intersection of the image of ¥y
and W is trivial. Hence, we must have W = W and B = 0. O

In the above proof, we have obtained the following almost uniqueness result.

Corollary 5.9. Let x,y be the coordinates in Theorem [LE. There exist an orthog-
onal matrix A and vector ¢ € R™ such that

Yi = AijTj + ¢ + Cay42,m—c for i=1,....m
for some aq € (0,1), small € > 0 and

ea1+2,m75 S Xa1+2,m75-

6. RENORMALIZED VOLUME

In this section, we generalize the renormalized volume defined by [BH23] for four
dimensional ALE to general dimensions. The definition has been given in Section[Il
The goal of this section is to prove Theorem [[71 We also show that in dimension
four, this definition coincides with the one defined in [BH23].

6.1. The definition. Assume that (M, g) satisfies the assumptions in Theorem
and for simplicity assume that €2 is the only end. Notice that the renormalized
volume depends on the finite group I' and hence in this section, we do not assume
that I is trivial. The definition itself depends only on the geometry of the end.

Using the Bianchi coordinate x given by Theorem [I.2] we have the expansion of
the metric g (lifted to the universal cover of 2\ K| still denoted by g)

TiT —(m
(6.1) git = 0u + WUMNTQ +O(jz| ).
T
Set
B, = M\ {|z| > r} and B, ={z e R™| |z| < r} /T.
The renormalized volume V is defined to be the limit
Tlggo Vg(Bv") - Vg, (B,«),

which we claim to exist. To see this, we derive from (6] that

dVy =+/det gdx
1 TiTp —(m
(6.2) = (1 t3 TT(Wijkl‘xleJrg) +0(Jz| H))) Vg,

=(1+O(|z|" "™ V))av,.

Hence, for any s > r > 0,

/ dVg - / dVge
B,\B. B\B,

— / O(|x|—(7n+1))dl‘
BS\BT

1
[ Lal.

<C

The proof of the claim is done.
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To justify the definition, we need to show that if y is another coordinate at the
infinity satisfying the assumptions of Theorem [[.5] then

(6.3) Tim Vy(BF) — Vi (BF) = lim Vy(BY) — V. (BY).
By Corollary 5.9 we have an orthogonal matrix A and a translation vector ¢ such
that

y=Az+c+eq,42,m—c
for some eq,42,m—c € Xojt+2,m—c. A rotation does not change either B, or BT,
hence we may assume that A is the identity matrix. In order to show that the

definition of the renormalized volume is the same for coordinate x and coordinate
vy, it suffices to show

(6.4) lim Vy(By) — Vy(B}) = 0.

700

Define §y = y — c. We first claim that
lim V,(B¥) - V,(BY) = 0.

700

In fact, by definition of g, we have
2] = Cla] ™" <[] < |a] + O]~
when |z]| is sufficiently large. It follows that

T Y T
Br—CT*(m*E) C BT - Br-l—Cr*(m*E)’

which implies that
Tim V,(BY) ~ Vy(BY) = 0.
Hence, the claim is proved. The proof of ([6.4)) is reduced to
lim V,(BY) ~ Vy(BY) =0,
or equivalently,
(6.5) lim V,(BI\ BY) ~ V,(BY\ BY) = 0.

Given that § = y—c, for sufficiently large r, if g, is the Euclidean metric determined
by y (or §) outside a compact set, then

Vo (BY\ BY) + Vy, (BY\ BY) < Cr™ !
and
V,.(BY\ BY) =V, (BY\ BY) = 0.

Given these elementary facts, (65) follows from (6:2). This concludes the proof of
the first claim in Theorem [[7}

6.2. Non-positivity of the renormalized volume. The aim of this subsection
is to prove the remaining part of Theorem [[L71 The proof uses a result of [Ros87]
(see Remark 3.1 of [BH23]). For B, defined above, let H, be the mean curvature
of 0B, and dA, be the volume form of 0B, with respect to the metric g. Since the
Ricei curvature of g is non-negative, Theorem 1 in [Ros87] implies

1
—dA, > mV,(B,).
/aBT Hg g 9( )
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Remark 6.1. Theorem 1 in [Ros87] was stated for manifolds instead of orbifolds.
However, the proof involves only pointwise computations and integration by parts,
which extended to the orbifold setting directly. Computations in the following proof
of the rigidity part of Theorem [[.7] should be understood similarly.

Let H, be the mean curvature of dB, with respect to the flat metric g, which
is just 1/r. Let dA, be the standard volume form on dB,. Then we have trivially

1 .
—dA. = mV,.(B,).
/BB,, H.
To show that V < 0, it suffices to show
1 1
(6.6) lim —dA, — —dA, =0.
r—=o< Jop, He B, g
To see this, we need to study the asymptotics of fBB. #quQ up to high order. Via

the coordinate map, we identify B, with dB,. They are the same hypersurface.
However, the unit normal, the volume form and the mean curvature depend on the
ambient metric. In order to compare these quantities, we start with Vg7,

Vyr = (g"0:7)0;
Lqlp

—(m x

= (0ij = Wiabj g +O(r ( +1)))7aj

= V,.r+ 0@~ (M),
Here in the last line above, we have used the first Bianchi identity of W. Taking
the squared norm, we have
AT —(m+1)
1V5rl2 = 935 (1) (22) + O (m)

=1+0(r~(mtD),

Denote the unit normal vector of 0B, (with respect to g) by n, and that of OB,
(with respect to ge) by ng,. Since V,r is perpendicular to 0B,, we have
Vgr —(m
(67) ng = |VZT| =ng, + O(?“ ( +1)).
Recall that we have proved dV, = (1 + O(r~("*+1Y))dV, . Using the formula

dA, = (Lngdvg”@Br; dA,, = (Ln_qe dvge)|aé,,,

we obtain
(6.8) dA, = (1+0(r~(mtDY))a4,, .

The vector field X = z;0; = rng, generates a one-parameter family of diffeo-
morphism ¢;(z) = e'z. For any subdomain X of dB,, the first variation of area
gives

/(m —~1)H, - XdA, = %hzo dA,.

= et-X
Here ﬁg = Hgng is the mean curvature vector. Note that for any function w €
O(r~(m*1) by the definition of O, we have

%w = X (w) = rdyw € O(r~(m+1),
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Hence,

d
/ (m — V) Hy(ny - ny,)dAg = |10 / (1+ 0™ ))dA,,
D) dt et

For the left hand side, by (6.7)) and (6.8]), we obtain

/THgdAge :/ 1+ 0(r (A,
b b

By the arbitrariness of ¥, we have
1
Hy==+0" ™) =g, +0r—(m+2)
r

and therefore
1 1 1

6.9 = O™ = ——(1+O(r~ (M),
(69) = 00T = (1 00T
It is obvious that (6.6) follows from (G.8) and (€.9).

In case the equality of (G.6) holds, the proof above implies that

(6.10) lim (/6 HidAg - ng(Br)> = 0.

r7—00 BT g

We need to prove that M is isometric to R™/I". The following proof is adapted
from the proof of Theorem 1 in [Ros87]. There was a solution w, satisfying

Agup =1 in B,
u,«|aBT =0.
Claim 1. Setting

E,. (Agur)2 - |V_¢2]ur|2 <0,

1
T m
we claim that
lim E.dVy, =0.
r—00 B,
Claim 2. Setting
2

Uy = Up + — 17,
2m

we claim that 4, converges locally smoothly to a limit 4., that is defined on M
and that the traceless Hessian of @, vanishes everywhere.
Assume the claims for now. By definition, F, remains the same with w,. replaced
by w,. Taking the limit, we obtain
%(Agamﬁ — V%" =0 on M.
Moreover, by the equation of u,, we have

Ngline = 1.
In summary, if X = V41, we have just proved that
2
Lxg=—g.
m
Namely, X is a conformal Killing vector field. Then (M, g) is isometric to R™ /T
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Proof of Claim [l Using the Reilly’s formula

/B(Agur)2—|vgur|2dV :/8 (m —1)H, |0y, u,|* dA,,

r

we have

m—1 2
——V,(B,) +/ E.dVy = (m — 1)/ Hg |0, ur|” dA,.
m B, 9B,

Following [Ros8&7],

2
Vy(B,)? = </SB 3ngquAg>

< / Hy ‘angur‘Q dAg - LdAg
9B, OB, Hg
1 1
= (WotB g [ Bty ) i) 00

Here in the last line above, we used ([610). Claim[lfollows from the above inequality
and the fact that E, < 0. O

Proof of Claim Bl. While the coordinate is only defined at the infinity, we can ex-
tend the domain of the function 5 |z|” smoothly inside M. Denote the new func-
tion by u,. Given the expansion of the metric at the infinity, we may compute

(6.11) Agiq =1+ O(|jz|~ ).
Hence, for any r sufficiently large, we have
(6.12) Agliir —ug) = 1= Bgua = O(|2) ")) in B,
) (Up —uq) =0 on OB,.

Multiplying both sides by u, — u, and integrating by parts, we get

/B Vg (i — ug)|* dV, = /B (D gta — 1) (T — ug)dVy.

r

Since we have uniform Sobolev inequality for B, (due to the Ricci lower bound,
volume non-collapsing and m > 3), we use the Holder inequality to get

It — Ua||L7§$2 (B.) < ClAguq — IHL,,%:g (B.) <C.

Here in the last inequality above, we have used (G.I1]). Note that the above estimate
holds uniformly and the constant C' is independent of r. Together with (GI2), we
obtain uniform higher order estimate on any compact set for @, so that Claim
holds. ]

6.3. Compatible with the known definition in dimension four. Finally,

when m = 4, we show that the renormalized volume defined here is the same as

the one defined in [BH23]. In fact, it suffices to show the CMC coordinate that was

used to define the renormalized volume there satisfies the assumptions of Theorem
In Theorem B of [BH23]|, there is a coordinate in which

9= ge+ho+0(z] %
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where hg is some symmetric 2-tensor defined on R* \ {0} satisfying
(613) ‘CrarhO = —2h0, 87n|_h0 = O, t’l"geho = O,divge h() = O, Ageho = 0.

In Proposition 2.6 therein, the dimension of all possible hg satisfying the above
conditions was proved to be 10. It is well known that the dimension of the space
of Weyl tensors (m = 4) is also 10. Moreover, it is easy to verify directly that if
Taqlp

ho = Wiap; —5
|z

for some W € W, then (GI3) holds. Therefore, the CMC coordinate satisfies the
assumption of Theorem and hence defines the same renormalized volume.
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